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Interplanetary Trajectories in the Restricted

Three-Body Problem

LawrencE M. PErkoO*
Lockheed Missiles and Space Company, Palo Alto, Calif.

The purpose of this paper is to present an approximate analytic solution to the restricted
three-body problem valid for those initial conditions typical of interplanetary trajectories.
The planar motion of a particle of negligible mass acted on by the gravitational attractions
of two point masses m, and m; as the particle moves in the plane of motion of m, and m; to a
small neighborhood of m; is studied in the framework of the restricted three-body problem
for 4 = m;/m, much less than one. A boundary-layer iype of analysis is applied in order to
obtain an approximate analytic solution to this problem. This type of analysis was first
applied to this problem by P. A. Lagerstrom and J. Kevorkian. They first considered the
two fixed centers problem and then the restricted three-body problem for a special class of
initial conditions typical of certain Earth to moon trajectories, namely, those for which the
initial angular momentum of the particle with respect to my is 0(u!/2). This paper treats the
problem using different independent variables in order to obtain a solution valid for a class of
initial conditions typical of interplanetary irajectories; that is, those irajectories for which
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the initial angular momentum of the particle with respect to myis 0(1).

Nomenclature

G = universal gravitational constant

Mo = mass of the largest body

my = mass of the secondary body

Mg = mass of the particle

i = my/my = mass ratio

T = vector from mg to ms

n = vector from m, to m,

Ty = vector from m; to me

r = lrl = magnitude of r

8 = angle between r; and r

g = central angle of m. in me-centered nonrotating coordi-
nates

¥ = angle between r; and ry

i = time = central angle of m; in me-centered coordinates

to = initial time

u = 1/r

kg = initial angular momentum of m; relative to my

€5 = initial eccentricity of the instantaneous ellipse

ap = initial semimajor axis of the instantaneous ellipse

@y = initial argument of pericenter of the instantaneous
ellipse

6 = zero-order angle of arrival

Ve = speed atinfinity on the mi-centered hyperbola

b = angular momentum of the hyperbola

ws = argument of pericenter of the hyperbola

€ = eccentricity of the hyperbola

0> = central angle of m. in m;-centered coordinates

A = distance to the asymptote of the m;-centered hyperbola

&, = time of pericenter passage on the m;~-centered hyperbola

(§ n) = mu-centered nonrotating coordinates

(") derivative of quantity with respect to time
N this analysis it will be assumed that m; is in a circular
orbit about mg, although this is not necessary for the
success of the method. The equations of motion of the
particle with respect to mq are then given by

F o= _(r/r3) — y[l‘z/?'23 -+ rl] (1)
where

Y, =1r—1rI,
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and where the coordinates have been normalized by dividing
distances by the constant m, to m; distance d and by
dividing time by the constant (d3/Gmg)': As was men-
tioned in the abstract, it is assumed that the mass ratio
u = my/mg is much less than one. The foregoing equations
have the form of a singular perturbation problem. The
perturbation term has a singularity when r3(f) = 0. The
problem will be treated as two ordinary perturbation prob-
lems: 1) when the particle is outside a small neighborhood
of my, 1. e., when () = 0(uV2); and 2) when the particle
is inside a small neighborhood of my, i. e., when r.(f) = 0(ul/?).
The asymptotic expansions of the two perturbation solutions
thus obtained are then matched in the boundary layer common
to these two regions, i. e., when 75(f) = 0(u¥/%).  The pertur-
bation solution for the particle outside a small neighborhood of
m, is developed in a m-centered nonrotating coordinate sys-
tem taking the true anomoly ¢ as the independent variable
and effecting the matching in an my-centered nonrotating coor-
dinate system with one axis parallel to the hyperbolic excess
velocity. The analysis, therefore, differs considerably from
the work of Lagerstrom and Kevorkian =2 in which the per-
turbation solution and matching can be carried out in a sin-
gle rotating coordinate system using the distance along the m,
m, line of centers as the independent variable. The basic ideas
and results are, however, the same.

The perturbation solution for the particle outside a small
neighborhood of m; and its asymptotic expansion will first be
derived. The foregoing equations of motion (1) can be
written in component form noting that the vectors

1, = e, cosl — egsinfB
rp=7r¢—n

where 8 = § — tis the angle between r; and r, and # is meas-
ured in a mg-centered nonrotating reference frame (Fig. 1).
The differential equations become

. . 1 r — cosfS
Tt = — i U <cosﬂ —+ __7‘23 >
2)
1d ; . sin
- 2 = —_——
. (r26) = u (smﬁ o >

The second equation implies that the angular momentum is
a constant /g, the initial value, plus a perturbation term

76 = hy - p ft: r <sin6 — §1;n_?@> dt 3)
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Fig. 1 Coordinate systems.

This equation can be used to write (2) in terms of 8 as the
independent variable. The dependent variables will be
taken as t and v = 1/r. The foregoing equations become

d2u I cosf
g T ge h&jﬂ <COSB * _2_> *

d sinf3 2 o .
"G (s o —S0) = 2 [
<51 sin 3) d0}+ 0(u)

d r: oo B 2
@za_uﬁf <51B————)d0+0(u)

@)

where Eq. (3) has been used to write the integrals with
respect to ¢ as integrals with respect to 6 to 0(w).

The solution to-these equations can be written as an ex-
pansion in the small parameter u:

u(8) = uo(6) + pus(6) + wrus(f) + ...
t(0) = t(0) + uti(0) + wt(6) + ...

The well-known zero-order solution to these equations for
e < 1is (Ref. 4, p. 90)

1 ho?
u(8) 1+ e cos(d — wy)
1 — g2)¥2sin(f — wo)> _
1 4+ e cos(6 — wo)

el — e?)2sin(f — wo)}"
1+ ecos(d — w) o,

o(0) =

(0) = to + a®* [sin‘1<<

Similar equations hold for ¢ = 1 (Ref. 4, p. 91). Define
Bo(8) = 6 — 4(6)
r5(0) = [1 — 2r,(0) cosBo(0) + ro2(6) [/

Then substituting the expansions for u(f) and #(§) into the
differential equations (4) and equating the coefficients of like
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powers of u determines the linear differential equations for
u1(0) and t1(0), 1. e.,

douy 1r n(8) — cosBo(8) |
goe Tw= 02[7’0 (0)<00Sﬁ0(0) + W) +
r0<0>ro'<o><sinﬂo<o) - A
3 singo(6)
e f 7o (9)<smﬂo(0) r3(6) >d0} (5)

dh, _ T (6) 3 sinBy(6) _
= Tt Ja 7'0 (9)(511130(0) i (8) ) de

= i (0)u(0)

The initial conditions are chosen so that the particle reaches
a small neighborhood of m;. In fact, they are specified such
that the unperturbed trajectory intersects m; at 6 = 6y, i. e.,
70(6;) = 1 and #(6;) = 6;. Small variations in these initial
conditions can then be studied by standard error propaga-
tion techniques.

In order to determine the singular behavior of the first-
order solution, 1. e., of u,(6) and ¢(8), as @ approaches 6,, the
singular terms appearing in (5) will be expanded about 6 = 6;.
This is accomplished using the following expansions that are
used throughout the paper:

() =1 —a (L;o—”P)(el— 6) + @ — b) X
(1 ;0}"’>2 (6 — 6)° + 0(6, — 0)°
1
bhif) = 6 — }70 (6, — 6 + ©)
a

5 (L= h) (8 = 6)? + 006 — 0)?
0

a0 = (oo 1-f o -0+

0(6, — 9)°

where

() sin(6‘1 - 0)0)

_ [ € sin(01 - wo) :I( ho > _
L1+ ecos(B — w) J\I — ko)~ ho(l — hg)
b—_l[ € cos(fy — wp) ]( ho )2_
T 2|1 4 e eos(fy — wg) [\1 — hy/
. € 005(01 - w@
2(1 — hg)?
since

ho?
1 + e cos(f, — wo)

1 = r(6;) =

The other constants appearing in these equations are defined
in the Nomenclature. Using these expansions, the behavior
of the singular terms in (5) can be described

Sil’lﬂo(o) _ Ko K]
i) ~ G-0r T G-
r0(0) — cosBo(f) = —aKy K,
@ G- G- O
where the constants
_ ho*(1 — ho)
Ko = 1+ a2)3/2|1 _ hols
Ky = 25 o 2= 3%
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K, = —K, [1 + (1 ; h") 2a2]
Q

and the functions

Sinﬂo(e) K() Kl
YO =50 " @ -6 & - 6)
N 7'0(&) - COSﬁo(g) (ZKO _ K2
®(0) = T (0) + G—0 @6

remain bounded as @ approaches 6. The behavior of the
singular and bounded parts of sinBy(6)/m,3(8) for §; = = is
shown graphically in Fig. 2.

The integrals necessary to solve the system (5) will now
be written as a singular part plus the integral of a bounded
function. Only elementary operations and the concept of
adding and subtracting the singular part of a funection in
order to write it as an integrable function plus a bounded
function were used in deriving these integrals:

j;:rol*(a) [sinﬁo(ﬁ) - S;I;fgg):l df =

=0 + G0

where the function

B KO aK()
G1(6) @ — )

Wi(8) = —ro3(0)[¥(0) + sinBo(0)] +
K, l:l — 73(0) — 3a[(1 — ho) /ho](61 — 0):|

(6, — 6)*
1— 7'03(0):]
K 7
' [ 6 — 6
is bounded as 8 approaches 6;.

Using vector notation to minimize the writing,

o , . sinBy(9)
S @ @) singuy - L0

cos(8 — 6y) 0 cos( — 6)’
<sin(e - 0o)> 9 = j; ‘I’Z(e)<sm<o - 00)> 0 =

(,ZKQ(]. o }'L()) (COS(B - 00)) + aKo(l — }Lo) 1
ho(61 — o) <0> -

(6, — 0 + f ¥,(0)df

ho(B, — 6) \sin(8 — 6)
Ci(8, — 6) — Ci(6, — 6)
M, < Si(6, — 6) — Si(6 — 60) )

where
0 !
Ci(z) = — L C‘;S,” dz’

are the cosine-integral and sine-integral functions, respec-
tively. As z approaches zero, Ci(z) behaves like In(x) + 7,
where + is Euler’s constant and Si(z) approaches zero. The
function

Si(z) = j; I g

x
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sinB %o ky /

+ +§(8)
3 (602 (8,-6) ¥

k k
B [¢] 2+ 1
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’ W

Fig. 2 Singular perturbation.

Similarly,

o 7o(0) — cosBo(8) ]/ cos(8 — 6,) _
fao 7o (G)I:cosﬁo(ﬁ) + W](sin(ﬁ — 8 >d0 =

0 cos(0 — 6,) aKy cos(8 — 6y)
20 (sin(ﬁ — 8) ) T <sin(o - 90)> +
aKo 1 - M 02(01 - 0) - 01(01 - 00)
(6, — 6o) \O "\Si(6, — 6) — Si(6; — 6)
where the function

P1(0) = 10*(6) [cosBo(6) + P(O)] +
oK, [1 — r0*(0) — 2a[(1 — ho)/he](6: — 0)] i

6, — 0
7'02(0) — 1
K[ 6 — 0) ]

is bounded as #-approaches 6;; furthermore,

—sin(f; — 6, cos(f; — 00)] _
cos(fy — By sin(f, — 6y)

[ cos(0, — 6) sin(6; — 6p) :I
0 » sin(f, — ) — cos(6y — 6g)

The last integral that is needed to solve the u, equation is

/a0 , sinBq(6") cos(f — By _
NN (0)[811160(0) i (0) ] o <Sin(0 B 00)> a6 ~
o) + w1
S sin(f — 00)
6: — 0)(_008(0 00)>} a9 +

a,Ko cos(f — 6)
QL (01 — [ In(6, — 6) — H(gin(@ - 90)) B

M; = aKo[

Wo(8) = ro(6)r0’(8)] sinBo(8) — ¥ (8)] — [7'0(0)7'0'(0) —al(l - ho)/ho]] _

) A
Ko[mwm'(o) — al(1 = ho)/ho]

is bounded as 6 approaches 6. Finally,

1— ho —Sin(01 - 00) 005(01 - 00):]
M, = —_
0 “K°< ho )[ cos(f — ) sin(f, — 6p)

X (1 - ho>2 (Zb o a )[ cos(f, — 6y) sin(6, — ;) :l
AN 1 — ho/Lsin(6, — 6)) — cos(6y — 6o)

— (@b — 3a)[(1 — ho/ho]2(6s — e)]
6, — )

‘5{9 (0 — [ In(8: — b)) — 11< )

M (Cz(01 —_ 0) —_ 02(0] — 00))
\Si(0, — 6) — Si(6, — 6)
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with the constant matrix

cos(f, — ) sin(f, — 6y) :I
M; =K .
s 0 [sm(t‘)l — 8) — cos(, — 6)

These integrals together with the fact that the differential
equation

(d2u:/d6?) + w = F(6)
with the initial conditions
(o) = u’(6) = 0

has the solution
. 8
un(6) = sin(f — 6y) ﬁ F(6) cos(6 — 6y)df —
(]
8
cos(8 — 6) j; F(6) sin(6 — 6)df

determine the solution of the first equation in (5), i.e.,

?/4(0) = sin(ﬁ o (90) [Co + Ga(a)] - COS(& —_ 00)G2(0) +
cos(fy — O [B; + ByCi(6; — 6) — AeSi(6; — 6)]

where the functions

Gy (6) 1 9 2
QM>=ﬁL&hM%HM®—ﬁ&@]X

<Sin(0 - 00) + 2(1K0
cos( — 6y) he®

cos(d — 6y)
<—sin(0 — 00)>} d9
and the constants
IZK() 2(ZK0

= hoa(el . 00) + h05 (01 - 00)[111(01 — 00) — 1]

Ao = (Ko/heh)[1 + a*(1 — k)]
By = aKo/he?
Ay = ACi(6 — 6p) + BoSi(6; — 6)
By = AeSi(6, — 6) — BoCi(y — )

The important thing to note in this equation for u,(6) is that
the 1/(8, — 6) terms have canceled one another and that the
Ci(6; — 6) terms, which behave like In(f; — 6) + v as ¢
approaches 6y, therefore determine the singular behavior of
u1(6). The first-order solution for the radial distance as a
function of @ can then be written as

r(0) = ro(8) — pro*(Q)ui(0) @
The equation for £(6) from (5) can be written as

60 = 2 [ niOu(6)ds +

h—ié IK roe(a)[(o—l% + “h—lf"mwl —6) — le)] a6

Integrating out the singular parts of these functions deter-
mines the first-order solution for the time as a function of 4:

16 = t(f) — u {h% In(8; — 6) — Gu(6) —

Co

X ,

S (6=~ OB — 0) — 11} ®
0

where the funetion

(o) = o+ [ ®(0)a0

.(0) = {——HK°[ZZT(B_) -

ho? *

"0 l0) — 111a(0, = 0) — OGO }
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is bounded as # approaches 6;; furthermore

K K
¢ = h—ogln(fh — o) — gho—: (In(f: — o) — 1](6: — 6))
It will be assumed in these equations that A >> u'/? and that
[1 — ho| > w2,

It can be shown that the dominant second-order terms have
the form w2 In(8, — 6)/(6; — #), and that the perturbation
solution and the asymptotic expansions to follow are correct
to 0(u3/2) for 6; — 6 = 0(u¥/2).

The asymptotic expansions of Egs. (7) and (8) describing
the mo-centered perturbed conic will now be determined.
Let 6; — 6 = u'2¢ define the angle ¢. Then the following
asymptotic behavior of the perturbed conic for ¢ = 0(1) is
determined by expanding Eqs. (7) and (8) about 8 = 6;:
0 =1 = e (N ) o+ uler - 1) x }

0

1 — hy\?
<T> ©* — ulBs In(uV2e) + G5(6;)] + 0(u¥?)

1/2 a(l - ho)‘

o) = 6 — B0 4 4 !
ho ho i { ©

K .
u[ﬁhWW%W—QWO + 0w

2

B(O) = w* (#") ¢ — Mg(—lig—@ ¢+

{%mww—&mj

+ 00

where the constant
Gs(0y) = sin(f; — o) [eo + Gs(6)] —

cos(8 — 65)Go(6) + B: + vBy
The fact that

Ciz) = v + In(z) —

2

x
2-21

+ ...
and that

Si i
has been used in carrying out these expansions.
These equations are next related to a suitably oriented
my-centered, nonrotating coordinate systemn in which the
matching is easily performed.i The angle between r; and

1, (Fig. 1) is
— tan—tf _"S0B
¥ =tan (7’ cosB — 1

The angle ¢» = ¢ + t — 6, is then the central angle of r»
measured in a nonrotating, m-centered coordinate system.
If this system is rotated through the constant angle a =
tan~!(1/a), chosen in the first quadrant for sg < 1 and in the
third quadrant for 2 > 1, the components of 1, in the resulting
my-centered nonrotating coordinate system will be

sing: — @ cos@s
Fre\ —/———————
2( (1 + g?)v2 >

_ a sing; + cosee

- (i)

the plus sign corresponding to s, =< 1 and the minus sign to
he > 1. From the definition of ¢, and the fact that by Eq.
9

i

£ =rycos(em + )

7 = rasin(ez + @)

1/2
t—m=—%¢+mm
0

ry = [1 — rcosB + r2J¥2 = 0(u'/?)

T This approach is due to J. V. Breakwell.
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for ¢ = 0(1), it follows that

? ry cosy + 0(u'?)

. . uli2
73 SiNgy = 7o SINY —

ho

T4 COSQy = T3 COSY —{— 7'2 sing + 0(u3/?)

ho
for ¢ < 0(1). TFinally, since (see Fig. 1)
7y 8SinyY = 7 sinf3 7y cosy = rcos — 1

and since the asymptotic behavior of r and 8 is given by Eq.
(9), the asymptotic behavior of £ and % can be determined
using the foregoing equations, 1. e.,

Lo bl b

E — 1/2

iKOI 2\ 1/2 1/2 Gs(6) — G«(6y)
l: A+ a? 12 In(pY )+a—(mm—*

— 2
T ho) <p2:| + 0(p*?)

_ FulaGy(6) + Gs(6y)] 3/2
n d + e + 0(*?) |
To see that the ¢? terms drop out in the % equation, it is
necessary to use the fact that & = 1/(1 — hg)-3, which fol-
lows from the definition of the constant b.

As might be expected, these equations together with the
time equation in (9) will be shown to be the same as the
asymptotic expansions of a m-centered hyperbola with the
asymptote of the hyperbola paraliel to the £ axis. To
facilitate this matching, the first equation in (10) is used to
eliminate. ¢ in the ¢ and # equations in (9) and (10), respec-
tively. _ For instance, ¢ and 7 are written as functions of &
for ¢ <.0(1) or £ = 0{u¥?) to order u3'2:

(10)

al + a2)”2<

. N E _—lK_"}__
L= 66 1= Rl (L + o T u[hozil — ol

ln(h - ho]h(olg_}_ a2)”2> + Ga(@ﬁ—J + 0wl (11

_ % EuGi(6)
K (1 + an)i2
Note that from the definition of K,

K| _ 1
Rl — kol — (1 + a?)¥2]1 — ho|?
And the constants
G,Ga(el)“—‘ G4(071)<
A+ a)|1 — hol
Gr(8) = —[aGa(6) + G5(60) ]

are definite integrals of bounded functions from 6, to .

Next the perturbation solution for the particle inside a small
neighborhood of m; and its asymptotic expansion will be
derived. The differential equation of motion (1) can be
written as

+ 0(u)

in these equations.

Go(6)) = + G.(8)

since r; = r — 1 and ¥; = (1 + wr;. The unperturbed

solution satisfying the equation _
t = —ulre/r®)

has the form of a hyperbolic motion (for positive energy),
which can be described (Ref. 5, p. 178) in terms of the variable

- o (2= 1y ("2 — ] 12a
F = 2tanh [(62+1> tan 5, (12a)
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by the equations
uh
(2 — 1)32

tp —t = (essinh|F| — |F])

(12b)
pho?
(@2 — 1)
The asymptotic behavior of these equations for r, = 0(ul/?)
will now be determined. This amounts to determining the
behavior far out on the hyperbola [since u'/Z > g and the
pericenter distance is O(uw)]. Let the auxiliary variable

= uelFl. Equations (12) in terms of this variable become

" 1\Ve/, —
oo (1) ()]
|
ok Tefz w2
(e? —1)3’2[ <# z) lnp, 13

uhy e 2 Y l
"= @—n[<#+z>1] j

Choosing the argument of pericenter as

= 2 tan™! e+ L\
. €y — 1 _|

and measuring #; from the § axis orients the hyperbola with
its agymptote parallel to the £ axis. This follows since, with
this choice of wy,

Ty = (es coshF — 1) F<0

ty —t =

I

€2 — M

and 6, approaches zero as z increases without bound, i. e,
as 7, increases without bound. The asymptotic expansions
describing the behavior of the hyperbola for z = 0(u¥/?),
i.e., forr; = 0(u/?), can then be written in component form as

_ o phe? (e AN

-5 G (%)
. whe

7]=T2$1n02=(—‘iﬁ“2+0< ) (14)

,U,h.23 €92 ® £
w2 (i) o (5)

Then using the first equation in the foregoing to eliminate
the auxiliary variable 2z, these equations can be written in
terms of £ as the independent variable for £ = 0(u'/?):

£ © 2V.2¢
p, — 1t = -V—w + V;g [1 — 1n<w>] + 0(u¥?)

.th

E = T COSHZ

by —t =

(15
2 0

where
= (622 — 1)1',2/}?/2

It can also be shown that the perturbation terms due to mq
are 0(u3/?) for r; £ 0(u'/?). This then completes the deserip-
tion of the asymptotic behavior of the ms~centered hyperbola.

The matching is now performed, i.e., the constants of the
m-centered hyperbola are determined by comparing the
asymptotic expansions of the perturbed conic about m; as
given by (11) and the hyperbola about m, as given by (15).
The two expansions are identical provided the constants
of the m;-centered hyperbola are chosen as

Vo = |1 — h|(1 + a®)12
= (1 — h)G:(6))

h
[1 +n (;‘V"eﬁﬂ + uGs(6)

= t(61) +
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Fig. 3 Effect of Mar’s perturbation on certain Earth-
Mars trajectories.

where
e = (1 4+ V hy?)12

Recall that the orientation of the m,-centered coordinates is
determined by a rotation through the angle

a = tan~(1/a)

chosen in the first quadrant if sy < 1 and in the third quadrant
if ho > 1. This then completes the matching and specifies the
constants of the m;-centered hyperbola.

Since the inner and outer solutions are written in terms of
different independent variables that are not related in any
elementary fashion, a composite solution cannot be obtained.
However, a uniformly valid asymptotic approximation cor-
rect to O(u*?) is given by Egs. (7, 8, and 13), provided they
are restricted to the appropriate regions. This follows from
the fact that their asymptotic expansions (10) [with the time
equation given in (9)] and (14), which are correct to 0(u®/2)
for ¢ = 0(1) and z = 0(u'?), match [when they are both
written in terms of £ for £ = 0(uV?) ie., ¢ = 0(1), ie,
z = 0(uY?] in the boundary layer common to the two
regions. Moreover, once the constants of the mi-centered
hyperbola have been determined in terms of the given initial
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conditions and certain definite integrals of bounded fune-
tions, the effect of m; on trajectories that reach a small neigh-
borhood of m; can be studied. For example, the perturba-
tion by Mars on a class of Earth-Mars trajectories leaving a
massless Earth at perihelion, with initial conditions such that
the unperturbed heliocentric conic intersects Mars, was
studied. The definite integrals were evaluated numerically,
and the results are plotted as a function of transfer angle 8, in
Fig. 3. It can be seen that the perturbation by Mars causes
the particle to arrive earlier by an amount At, = ¢, — £(6)
and causes the asymptote to be deflected by an amount

S (1 C)
(1 _J[_ a2)1/2

(622 — 1) 1/2

the deflection being away from the sun for transfers less
than approximately 214° and toward the sun for larger trans-
fer angles.

In Fig. 3, corresponding to the condition |1 — hy| > ul/2,
there is a small interval about # = #/2 for which no points
on the curves were obtained. The curves were continued
smoothly across this interval of a few degrees to obtain the
curves as shown in Fig. 3.
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