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Interplanetary Trajectories in the Restricted
Three-Body Problem

LAWRENCE M. PERKO*
Lockheed Missiles and Space Company, Polo Alto, Calif.

The purpose of this paper is to present an approximate analytic solution to the restricted
three-body problem valid for those initial conditions typical of interplanetary trajectories.
The planar motion of a particle of negligible mass acted on by the gravitational attractions
of two point masses mo and mi as the particle moves in the plane of motion of mo and mi to a
small neighborhood of mt is studied in the framework of the restricted three-body problem
for fj, = mi/mo much less than one. A boundary-layer type of analysis is applied in order to
obtain an approximate analytic solution to this problem. This type of analysis was first
applied to this problem by P. A. Lagerstrom and J. Kevorkian. They first considered the
two fixed centers problem and then the restricted three-body problem for a special class of
initial conditions typical of certain Earth to moon trajectories, namely, those for which the
initial angular momentum of the particle with respect to mo is OC/j1/2). This paper treats the
problem using different independent variables in order to obtain a solution valid for a class of
initial conditions typical of interplanetary trajectories; that is, those trajectories for which
the initial angular momentum of the particle with respect to mo is 0(1).
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Nomencla tu re

universal gravitational constant
mass of the largest body
mass of the secondary body
mass of the particle
mi/mo = mass ratio
vector from mo to m2
vector from m0 to mi
vector from mi to m2
\i\ = magnitude of r
angle between rx and r
central angle of m2 in m0-centered nonrotating coordi-

nates
angle between i\ and r2
time = central angle of mi in m0-centered coordinates
initial time
1/r
initial angular momentum of m2 relative to m0
initial eccentricity of the instantaneous ellipse
initial semimaj or axis of the instantaneous ellipse
initial argument of pericenter of the instantaneous

ellipse
zero-order angle of arrival
speed at infinity on the mi-centered hyperbola
angular momentum of the hyperbola
argument of pericenter of the hyperbola
eccentricity of the hyperbola
central angle of m2 in mi-centered coordinates
distance to the asymptote of the mi-centered hyperbola
time of pericenter passage on the mi-centered hyperbola
mi-centered nonrotating coordinates
derivative of quantity with respect to time

IN this analysis it will be assumed that mi is in a circular
orbit about mo, although this is not necessary for the

success of the method. The equations of motion of the
particle with respect to m0 are then given by

where

f = -(r/r3) -

r2 = r -

(1)
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and where the coordinates have been normalized by dividing
distances by the constant mo to mi distance d and by
dividing time by the constant (d3/(jrm0)1/2. As was men-
tioned in the abstract, it is assumed that the mass ratio
jit = mi/m0 is much less than one. The foregoing equations
have the form of a singular perturbation problem. The
perturbation term has a singularity when r2(£) = 0. The
problem will be treated as two ordinary perturbation prob-
lems: 1) when the particle is outside a small neighborhood
of mi, i. e., when rz(t) ^ 0(/z1/2); and 2) when the particle
is inside a small neighborhood of mi, i. e., when r2(£) ^ 0(ju1/2).
The asymptotic expansions of the two perturbation solutions
thus obtained are then matched in the boundary layer common
to these two regions, i. e., when rz(t) = 0(/x1/2). The pertur-
bation solution for the particle outside a small neighborhood of
m1 is developed in a m0-centered nonrotating coordinate sys-
tem taking the true anomoly 0 as the independent variable
and effecting the matching in an mi-centered nonrotating coor-
dinate system with one axis parallel to the hyperbolic excess
velocity. The analysis, therefore, differs considerably from
the work of Lagerstrom and Kevorkian 1-3 in which the per-
turbation solution and matching can be carried out in a sin-
gle rotating coordinate system using the distance along the m0
m1 line of centers as the independent variable. The basic ideas
and results are, however, the same.

The perturbation solution for the particle outside a small
neighborhood of mi and its asymptotic expansion will first be
derived. The foregoing equations of motion (1) can be
written in component form noting that the vectors

ti = er cos/3 — 60 sin/3
r<2 rer - f i

where ft = 6 — t is the angle between ri and r, and 8 is meas-
ured in a mo-centered nonrotating reference frame (Fig. 1).
The differential equations become

= - - - M ( cos0
T —

(2)

The second equation implies that the angular momentum is
a constant h0, the initial value, plus a perturbation term

di (3)
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Fig. 1 Coordinate systems.

This equation can be used to write (2) in terms of 6 as the
independent variable. The dependent variables will be
taken as t and u = l/r. The foregoing equations become

d*u +

1 - * /

= ~ ** r
7*2

(4)
0(M

2)

...
de J

where Eq. (3) has been used to write the integrals with
respect to t as integrals with respect to 6 to 0(ju).

The solution to these equations can be written as an ex-
pansion in the small parameter /z:

u(6) =

t(6) = tQ(6)

The well-known zero-order solution to these equations for
e0 < 1 is (Ref. 4, p. 90)

1 Z, 2

roW = «o(0) 1 + eo cos(0 — wo)

Z0(0) = £0 + a0
3'2 ["sin-^1 ~, e°2)1/2si**(6> - "o)>) _

|_ \ 1 + CQ cos(0 — cop) /
_____________- a>0) T

1 +- eQ cos(0 — w0) J00

Similar equations hold for eQ ^ 1 (Ref. 4, p. 91). Define

r2o(0) = [1 -

Then substituting the expansions for u(6) and i(^) into the
differential equations (4) and equating the coefficients of like
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powers of IJL determines the linear differential equations for

r0(0)-cosft)(0)N

_ sin/30(0)\ _

. „ //1N sinj80(^)\ 7/1 ,3in/30(^) - —-— 1 ̂  I t (5}

dti rQ*(t

r rQ^(B)u1((h0

The initial conditions are chosen so that the particle reaches
a small neighborhood of mi. In fact, they are specified such
that the unperturbed trajectory intersects mi at B = 0i, i. e.,
r0(0i) = 1 and t0(Bi) = 6\. Small variations in these initial
conditions can then be studied by standard error propaga-
tion techniques.

In order to determine the singular behavior of the first-
order solution, i. e., of u\(6) and t\(0), as 6 approaches 0L, the
singular terms appearing in (5) will be expanded about 0 = Bi.
This is accomplished using the following expansions that are
used throughout the paper :

_ b) x

= 6, - - (6, - 6) +
(6)

0)2 - 0)3

where
eb sin(^i - cop) "I/ AQ \

1 + e0 cos(6>i - co0) J\l - hj

= _ 1 f e0 G
2 LI + e

- 0)3J

— wo)

- cop)
- wo) l -

— co0)
2(1 -

since

1 = r0(0i) = e0 — co0)

The other constants appearing in these equations are defined
in the Nomenclature. Using these expansions, the behavior
of the singular terms in (5) can be described

zr vAO . AI

-aK0r0(0) - cos&(0)

where the constants
- 0)2 (0i - 0)

+a2)3'2|l -
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and the functions

= r0(0) - cos&(0)

(ft - 0)2 (ft - 0)

aK0 Ki
(ft - 0)2

remain bounded as 6 approaches ft. The behavior of the
singular and bounded parts of sm/3Q(6)/r2<*(6) for ft = TT is
shown graphically in Fig. 2.

The integrals necessary to solve the system (5) will now
be written as a singular part plus the integral of a bounded
function. Only elementary operations and the concept of
adding and subtracting the singular part of a function in
order to write it as an integrable function plus a bounded
function were used in deriving these integrals:

where the function

(ft - ft)

(ft -

ln(ft- ft) +

sin/30(0)]

is bounded as 6 approaches ft.
Using vector notation to minimize the writing,

i -

X

cos(0 -
- ft)

(1 — hp) /cos(0 — 00)\
ft - 0) \sin(0 - 00)/ - 0o)

/Ct(ft - e) - ci(ft
0 \Si(Oi - 6) - St(0i

where

are the cosine-integral and sine-integral functions, respec-
tively. As x approaches zero, Ci(x) behaves like ln(x) + 7,
where 7 is Euler's constant and Si(x) approaches zero. The
function

- «, P

Fig. 2 Singular perturbation.

Similarly,

rJ* ft)
_ :

_ a£° /c°s(0 - ftA ,
(e, - e) W(0 - e.) ) +

i'(ft - 0) - CiXft - 00)\
xft - 0) - «t(ft - 0o)/

where the function

- r0»(0) - 2a[(l -n - r0
(ft - 0)2

is bounded as 8 approaches ft; furthermore,

r>0
2(0) - 11

*LW=W]

cos(ft - 00) sin(ft - 00) 1
in(ft - 00) - cos(ft - 00)Jsin(0-

The last integral that is needed to solve the u\ equation is

(ft -

- (26 -
(ft -

ft - 0)1

is bounded as 0 approaches ft. Finally,

sin(ft - 00) cos(ft - 00)1
os(ft - 00) sin(ft - 00) J ~

^ sin^ ~ *o) 1
0o) - cos(ft - 00) J

——°(ft - 00)[ln(ft- 00) -

' Wft
/Ci(ft - 0) - CT(ft - 0o)\3 i ( f t - 0) -si(ft - do))
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with the constant matrix
COS(6>1 ~ ft) Sin(^ " ^

- ft) ~ cos(0! -
M = K3 °

These integrals together with the fact that the differential
equation

with the initial conditions
= 0

has the solution

ui(6) = sin(0 - ft) f V(0) cos(0 -
J do

cos(0 - ft) f V(0) sin(0 - ft)d0
»/ ^0

determine the solution of the first equation in (5), i.e.,

ui(ff) = sin(0 - ft) [c0 + £8(0)] - cos(0 - 00)£2(0) +
sin(0i - 0)[-Ai + AoCi(Oi - d) + £0^(0i - 6)] +

cos(0i -
where the functions

&l(0)
/sin(0 - 00)\
\cos(0 - 00)/

and the constants

Co =

• w*W ~ j~i iriW X

- 0)[ln(0x- 0) - 1] X

cos(0 - 00)

i - ft)

ft) +

ft) -
~ ft)

- ft)
The important thing to note in this equation for Ui(&) is that
the I/ (0i — 0) terms have canceled one another and that the
Ci(0i — 0) terms, which behave like In (0! — 0) + 7 as 0
approaches 0i, therefore determine the singular behavior of
Ui(ff). The first-order solution for the radial distance as a
function of 0 can then be written as

(7)r(0) = r0(0) -
The equation for ti(6) from (5) can be written as

-2

Integrating out the singular parts of these functions deter-
mines the first-order solution for the time as a function of 0:

t(ff) = «0) - M -' m(0i - 0) - Gt(ff) -

- f f ) - l ] ( 8 )

where the function

= -( j
V (

-1]

is bounded as 0 approaches ft ; furthermore

c, = -° ln(ft - ft) - - ft)

and thatIt will be assumed in these equations that hQ ^>
|1 -h0\ »M

1/2.
It can be shown that the dominant second-order terms have

the form /z2 ln(0i — 0)/(0i — 0), and that the perturbation
solution and the asymptotic expansions to follow are correct
to 0(M3/2) for 0! - 0 = 0(M1/2).

The asymptotic expansions of Eqs. (7) and (8) describing
the mo-centered perturbed conic will now be determined.
Let 0i — 0 = /z^V define the angle (p. Then the following
asymptotic behavior of the perturbed conic for <p = 0(1) is
determined by expanding Eqs. (7). and (8) about 0 = 0i :

r(0) = 1 - (<*2 - 6) X

*= 0i -

1/2=

0(M
3/2)

_/to3 +
(9)

where the constant

The fact that

Ci(x) = y ln(x) - — —

and that

has been used in carrying out these expansions.
These equations are next related to a suitably oriented

mi-centered, nonrotating coordinate system in which the
matching is easily performed.! The angle between rx and
r2 (Fig. 1) is

^ / r sin/3 \
= tan"1! ——^——: )\r cos/3 — I/r cos/3

The angle <p2 = ^ + ^ — 0i is then the central angle of r2
measured in a nonrotating, mi-centered coordinate system.
If this system is rotated through the constant angle a =
tan^Q/a), chosen in the first quadrant for hq < I and in the
third quadrant for h0 > 1, the components of r2 in the resulting
mi-centered nonrotating coordinate system will be

/= r2 cosfe

= r2
.a) =

the plus sign corresponding to /i0
ho > 1. From the definition of <p
(9)

1 and the minus sign to
and the fact that by Eq.

= [1 - r cos/3 + r2]1/2 -

f This approach is due to J. V. Breakwell.
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for p ^ 0(1), it follows that

= 7*2 sini/' —

5 COS<£>2 = 1*2 COS \l/

0(ju3/2)

for <p ^ 0(1). Finally, since (see Fig. 1)

r2 sin^ = r sin/3 r2 cos^ = r cos/3 — 1

and since the asymptotic behavior of r and ft is given by Eq.
(9), the asymptotic behavior of £ and 77 can be determined
using the foregoing equations, i. e.,

a2) (1 + a2)1/2

17 = (1 + a2)1/2 0(M
3/2)

(10)

To see that the (p2 terms drop out in the 77 equation, it is
necessary to use the fact that b — 1/(1 — Ao)~i, which fol-
lows from the definition of the constant b.

As might be expected, these equations together with the
time equation in (9) will be shown to be the same as the
asymptotic expansions of a mi-centered hyperbola with the
asymptote of the hyperbola parallel to the £ axis. To
facilitate this matching, the first equation in (10) is used to
eliminate <p ,in the t and 77 equations in (9) and (10), respec-
tively. For instance, t and 77 are written as functions of £
for up ^ 6(1> or"{" ̂  0(M1/2) to order M

3/2:

t =

(11)
77 = (1 + a2)1/2

Note that from the definition of

+ 0(/x3/2)

in these equations. And the constants

by the equations

(e2
2 - 1 ) 3 / 2 V 2

^- (e2 cosh^ - 1)
(12b)

< 0

The asymptotic behavior of these equations for r2 ^ 0(/z1/2)
will now be determined. This amounts to determining the
behavior far out on the hyperbola [since /x1/2 ^> pc and the
pericenter distance is 0(/z)]. Let the auxiliary variable
z = jLiel-FI. Equations (12) in terms of this variable become

= co2 — 2 tan~] + - M

ft* - I)1'1 L2
^ T e s /£ ^
- l )L '2 VM *

Choosing the argument of pericenter as

_
r s-(*»

- In- I (13)

-•]
= 2 tan~

and measuring 62 from the £ axis orients the hyperbola with
its asymptote parallel to the £ axis. This follows since, with
this choice of co2,

= 2 tan-1TM(e2
2 - I)1/2"]

L 3&Z - M J
and 02 approaches zero as 2 increases without bound, i. e.,
as r2 increases without bound. The asymptotic expansions
describing the behavior of the hyperbola for z ^ 0(ju1/2),
i.e., for r2 ^ 0(ju1/2), can then be written in component form as

77 = r2 sinft =
- I)

fe2 - I)3

•(14)

Then using the first equation in the foregoing to eliminate
the auxiliary variable z, these equations can be written in
terms of £ as the independent variable for £ ^ 0(/,i1/2):

(15)

are definite integrals of bounded functions from 00 to ft.
Next the perturbation solution for the particle inside a small

neighborhood of mi and its asymptotic expansion will be
derived. The differential equation of motion (1) can be
written as

The unperturbedsince r2 = r — rx and TI = (1 + ju)ri.
solution satisfying the equation

r2 = -juOvV)
has the form of a hyperbolic motion (for positive energy),
which can be described (Ref. 5, p. 178) in terms of the variable

where

It can also be shown that the perturbation terms due to ra0
are 0(ju3/2) for r2 ^ 0(ju1/2). This then completes the descrip-
tion of the asymptotic behavior of the mi-centered hyperbola.

The matching is now performed, i.e., the constants of the
mi-centered hyperbola are determined by comparing the
asymptotic expansions of the perturbed conic about m0 as
given by (11) and the hyperbola about mi as given by (15).
The two expansions are identical provided the constants
of the mi-centered hyperbola are chosen as

4-a2)1/2

= (1 -
i M I~i , 1 /Moe2\"|
+ TVL1+H^J
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Fig. 3

where

Effect of Mar's perturbation on certain Earth-
Mars trajectories.

ea = (1 + FA2)1'2

Recall that the orientation of the mi-centered coordinates is
determined by a rotation through the angle

chosen in the first quadrant if hQ ^ 1 and in the third quadrant
if h0 > 1. This then completes the matching and specifies the
constants of the mi-centered hyperbola.

Since the inner and outer solutions are written in terms of
different independent variables that are not related in any
elementary fashion, a composite solution cannot be obtained.
However, a uniformly valid asymptotic approximation cor-
rect to 0(/z3/2) is given by Eqs. (7, 8, and 13), provided they
are restricted to the appropriate regions. This follows from
the fact that their asymptotic expansions (10) [with the time
equation given in (9)] and (14), which are correct to 0(/z3/2)
for <p ^ 0(1) and z ^ 0(/z1/2), match [when they are both
written in terms of £ for £ = 0(/*1/2) i.e., <p = 0(1), i.e.,
z = 0(/x1/2)] in the boundary layer common to the two
regions. Moreover, once the constants of the mi-centered
hyperbola have been determined in terms of the given initial

conditions and certain definite integrals of bounded func-
tions, the effect of mi on trajectories that reach a small neigh-
borhood of mi can be studied. For example, the perturba-
tion by Mars on a class of Earth-Mars trajectories leaving a
massless Earth at perihelion, with initial conditions such that
the unperturbed heliocentric conic intersects Mars, was
studied. The definite integrals were evaluated numerically,
and the results are plotted as a function of transfer angle dt in
Fig. 3. It can be seen that the perturbation by Mars causes
the particle to arrive earlier by an amount Atp = tp —
and causes the asymptote to be deflected by an amount

A = -I)1
(1 + a2)1/2

the deflection being away from the sun for transfers less
than approximately 214° and toward the sun for larger trans-
fer angles.

In Fig. 3, corresponding to the condition |l — ho\ ^> ju1/2,
there is a small interval about 0\ = ~ir/2 for which no points
on the curves were obtained. The curves were continued
smoothly across this interval of a few degrees to obtain the
curves as shown in Fig. 3.
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